ABSTRACT. In order to characterize asset price and wealth dynamics arising from the interaction of heterogeneous agents with CRRA utility, a discrete time stationary model in terms of return and wealth proportions (among different types of agents) is established. When fundamentalists and chartists are the main heterogeneous agents in the model, it is found that in the presence of heterogeneous agents the stationary model can have multiple steady-states. The steady-state is unstable when the chartists extrapolate strongly and (locally) stable when they extrapolate weakly. The convergence to the steady-state follows an optimal selection principle -the return and wealth proportions tend to the steady-state which has relatively higher return. More importantly, heterogeneity can generate instability which, under the stochastic processes of the dividend yield and extrapolation rates, results in switching of the return among different states, such as steady-state, periodic and aperiodic cycles from time to time. The model that is finally developed displays the essential characteristics of the standard asset price dynamics model assumed in continuous time finance, in that the asset price is fluctuating around a geometrically growing trend. The model also displays the volatility clustering that is an essential feature of empirically observed asset returns.
INTRODUCTION
A great deal of well established economic and finance theory is based on the assumption of investor homogeneity. In particular the paradigm of the representative agent assumes that all investors are homogeneous with regard to their preferences, their expectations and their investment strategies. The other important paradigm of modern finance, the efficient market hypothesis, assumes that the current price contains all available information and past prices cannot help in predicting future prices. However, as already argued by Keynes in the 1930s, agents do not have sufficient knowledge of the structure of the economy to form correct mathematical expectations that would be held by all agents. Also, there is evidence that markets are not always efficient and there are periods when real data show significantly higher than expected autocorrelation of returns. As a result, there is a growing dissatisfaction with (i) models of asset price dynamics based on the representative agent paradigm, as expressed for example by Kirman (1992) , and (ii) the extreme informational assumptions of rational expectations.
Research into the dynamics of financial asset prices resulting from the interaction of heterogeneous agents having different attitudes to risk and having different expectations about the future evolution of prices has flourished in recent years, e.g. Brock and Hommes (1997a ), (1997b ), (1998 , Bullard (1994) , Bullard and Duffy (1999) , Chiarella (1992) , Chiarella and He (2000b), (2001b) , Day and Huang (1990) , Franke and Nesemann (1999) , Franke and Sethi (1998) , Frankel and Froot (1986) , (1987) , Gaunersdorfer (2000) , , Gaunersdorfer, Hommes and Wagener (2000) , Hommes (2001) , Lux (1995) , (1996), (1997) , (1998), Lux and Marchesi (1999) , (2001) and Sethi (1996) .
In their framework, Hommes (1997b), (1998) have introduced the concept of an adaptively rational equilibrium, where agents base decisions upon predictions of future values of endogenous variables whose actual values are determined by equilibrium equations. A key aspect of these models is that they exhibit expectations feedback. Agents adapt their beliefs over time by choosing from different predictors or expectations functions, based upon their past performance as measured by realized profits. The resulting dynamical system is capable of generating the entire "zoo" of complex behaviour from local stability to high order cycles and chaos as various key parameters of the model change.
The model of Brock and Hommes (1998) has been extended in Chiarella and He (2000b), (2001b) by allowing agents to have different risk attitudes and different expectation formation schemes for both first and second moments of the price distribution under Walrasian and market maker scenarios. It is found that the introduction of heterogeneity has a double-edged effect on asset prices. On the one hand, the steady state can be stabilised under some balanced heterogeneous learning processes in the sense that although every individual forecasting rule may lead to divergence from the steadystate, these may "balance out" in the aggregate and the actual dynamics with learning may thus be locally stable. On the other hand, heterogeneity is a source of instability in the market. The existence of a small group of traders with expectation functions involving significant divergence is in fact sufficient to destabilize the whole system, change the dynamics dramatically and lead to periodic or even chaotic fluctuations in prices. For a general discussion on the dynamics of heterogeneous expectations and learning, see Chiarella and He (2000a), (2001a) .
The asset pricing framework of Brock and Hommes (1998) is based on the assumption that all the agents know the fundamental price equilibrium and the agents' optimal demands for the risky asset are independent of their wealth (as a result of the underlying CARA utility functions). In general, these assumptions are unrealistic. Levy and Levy (1996) and Levy, Levy and Solomon (1994) , (1995) consider a more realistic model where investors' optimal decisions depend on their wealth (resulting from the underlying CRRA utility function) and both price and wealth processes are thus growing. Using numerical simulations and comparing the stock price dynamics in models with homogeneous and heterogeneous expectations, they conclude that the homogeneous expectation assumption leads to a highly inefficient market with periodic (and therefore predictable) booms and crashes while introduction of heterogeneous expectations leads to much more realistic dynamics. However precisely because their analysis is simulation based it gives little insight into what are the basic features in a heterogeneous agent market that generate the more realistic dynamics that they observe. In order to give such insight it is necessary to develop and analyze general models of asset price and wealth dynamics in markets consisting of interacting heterogeneous agents. This paper aims to contribute to the development and analysis of such models.
The contributions of the paper are as follows. Following the framework of Brock and Hommes (1998) and Levy and Levy (1996) , Section 2 outlines the model of interaction of portfolio decisions and wealth dynamics with heterogeneous agents. A growth equilibrium model of both the asset price and wealth is first set up. To characterize the interaction of heterogeneous agents in financial markets (typically fundamentalists, trend chasers and contrarians) and conduct a theoretical analysis, stationary models in terms of return and wealth proportions (among different types of agents) are then developed. As a special case of the general heterogeneous model, Section 3 studies the return dynamics under homogeneous expectations. In Section 4, various different models of two agents, fundamentalists and trend traders, are then considered. It is found that in the presence of heterogeneous agents the stationary model for asset return and wealth distribution can have multiple steady-states, which are functions of parameters of the expectation schemes. Stability analysis implies that the return dynamics depend upon the parameters of expectation schemes, in particular the extrapolation rate of the trend traders, tending to be unstable for a high extrapolation rate and (locally) stable for a low extrapolation rate. The convergence to steady-state follows an optimal selection principle -the return and wealth proportion tend to the steady-state that has a relatively higher return. More importantly, heterogeneity can generate instability which, under the stochastic processes of the dividend yield and extrapolation rates, in turn results in the switching of the return among different equilibrium states, such as steady-state, periodic and aperiodic cycles. The model that is finally developed displays the essential characteristics of the standard asset price dynamics model assumed in continuous time finance in that the asset price is fluctuating around a geometrically growing trend. The model also displays the volatility clustering that is an essential feature of empirically observed asset returns. All the mathematical proofs are placed in appendices.
GROWTH AND STATIONARY MODELS WITH HETEROGENEOUS EXPECTATIONS
This section is devoted to some generalizations of the simple asset pricing model established by Brock and Hommes (1998) and Levy and Levy (1996) . The key characteristic of this modelling framework is the heterogeneity of the economic agents. The heterogeneity is expressed in terms of different views on expectations of the distribution of future returns on the risky asset. Our hypothetical financial market contains two investment choices: a stock (or index of stocks) and a bond. The bond is assumed to be a risk free asset and the stock is a risky asset. The models considered in the following are discrete time models, in which investors are allowed to revise their portfolios at each time interval.
Following the standard portfolio optimization approach, a growth model in terms of price and wealth is established in this section. Then, instead of price and wealth, the return on the risky asset and the wealth proportions (among heterogeneous investors) are used as state variables in order to reduce the growth model to a stationary model. The return on the risky asset at period Ø It is assumed that 1 all the investors have the same attitude to risk with the same utility function Í´Ï µ ÐÓ ´Ï µ. Following the above notation, the return on the risky asset at period Ø is then given by
Following the framework of Brock and Hommes (1998) and Levy and Levy (1996) , the wealth of investor at time period Ø · ½ is given
As in Brock and Hommes (1998) and Levy and Levy (1996) , a Walrasian scenario is used to derive the demand equation, i.e., each trader is viewed as a price taker and the 1 The analysis conducted in this paper can be generalized to the case where the utility functions are different for different agents with different risk coefficients, say, Í ´Ï µ ´Ï ½µ with ¼ ½. However, to make the following analysis more tractable and transparent, the assumption that all investors have the same utility function Í´Ï µ ÐÓ ´Ï µ is maintained. market is viewed as finding (via the Walrasian auctioneer) the price Ô Ø that equates the sum of these demand schedules to the supply. That is, the agents treat the period Ø price, Ô Ø , as parametric when solving their optimisation problem to determine Ø . Denote by Ø Ô Ø ½ ¡ ¡ ¡ Ý Ø Ý Ø ½ ¡ ¡ ¡ the information set 2 formed at time Ø. Let Ø Î Ø be the conditional expectation and variance, respectively, based on Ø , and Ø Î Ø be the "beliefs" of investor about the conditional expectation and variance. Then it follows from (2.2) that
Consider investor , who faces a given price Ô Ø , has wealth Ï Ø and believes that the asset return is conditionally normally distributed with mean Ø´ Ø·½ µ and variance Î Ø´ Ø·½ µ. This investor chooses a proportion Ø of his/her wealth to be invested in the risky asset so as to maximize the expected utility of the wealth at Ø · ½ , as given by Ñ Ü Ø Ø Í´Ï Ø·½ µ
It follows that 3 the optimum investment proportion at time Ø, Ø is given by
Heterogeneous beliefs are introduced via the assumption that Levy and Levy (1996) , the hypothetical price Ô Ø is included in the above conditional expectations on the return and variance. In this case, the market clearing price is solved implicitly and is much more involved mathematically. The approach adopted here is the standard one in deriving the price via the Walrasian scenario and also keeps the mathematical analysis tractable. A similar approach has been adopted in Hommes (1997b), (1998) and Chiarella and He (2000b), (2001b). i.e.,
Thus, in this model, as in real markets, the equilibrium price Ô Ø and the wealth of investors, Ï Ø ´Ï ½ Ø ¡ ¡ ¡ Ï À Ø µ, are determined simultaneously.
The optimum demands of investors are functions of the price and their wealth. As observed in financial markets, both the price and the wealth are growing processes in general. Therefore the above model is a growth model in both the price and the wealth. Using numerical simulations, the price dynamics are demonstrated in Levy and Levy (1996) 5 . However, to make possible theoretical analysis of the dynamics, a stationary model in terms of proportions of the wealth among the investors and the return of the stock price is needed and this task is undertaken in the following subsection.
2.2. Stationary Model. The above growth model is rendered stationary by formulating it in terms of the relative proportions of the wealth among the investors and the stock return, instead of in terms of the wealth Ï Ø and the stock price Ô Ø .
Let Û Ø be the proportion of the wealth of investor relative to the total wealth of all investors at Ø, that is,
A stationary model can be derived as expressed in the following proposition. Proposition 2.1. The wealth proportions evolve according to
where the return Ø is given by Levy and Levy (1996) , the optimal proportion of wealth is determined by Ø Í´Ï Ø·½ Ø·½ µ , which is the average of the past utilities of the -th investor using the past Ä observed returns; i. 
Denote Ò as the fixed proportion of the number of investors in group relative to the total number of the investors, À, that is, Ò À, so that Ò ½ · ¡ ¡ ¡ · Ò ½ .
For investors within the group , their optimum wealth proportions are the same, denoted Ø . Let Ï Ø be the average wealth of each investor within group (so that Ï Ø gives the total wealth of group ). Then the market clearing equilibrium price equation (2.5) can be rewritten as:
Denote by Û Ø the average wealth proportion of group relative to the total average wealth Ï Ø , i.e., Û Ø Ï Ø Ï Ø (so that
Then a stationary model with fixed proportions (among different groups) in terms of return and average wealth proportions can be obtained, as described in the following proposition. Proposition 2.3. The dynamics of the average wealth proportions evolve according to
with return Ø given by leads to Proposition 2.1. When proportions of different groups are fixed over time, this section has established a stationary dynamic model in terms of return and wealth proportions. However, this is a highly simplified assumption. In practice, based on some performance measure (say, for example, the realized returns or errors, see Brock and Hommes (1998) ), agents can adjust their beliefs from time to time. Therefore, a model with adaptive (changing) proportions is more realistic so that proportions of different beliefs become endogenous state variables. In fact, such a model can be established along the same lines as above, leading to an adaptive model. However, because of the highly nonlinear nature of the adaptive model, theoretical analysis becomes far more complicated and thus such an extension is not considered in this paper. The rest of this paper concentrates on two simple cases of the fixed proportion model, the first is the homogeneous model and the second is the heterogeneous model with two agents. The analysis can be viewed as a first step towards an understanding of the dynamics of the adaptive model, which needs to be established in the future research.
DYNAMICS OF THE HOMOGENEOUS STATIONARY MODEL
In this section, as a special case of the heterogeneous model, the price and wealth dynamics with homogeneous investors is studied. The existence of steady-state(s) is considered first. The stability of the steady-state is tackled in general and is illustrated using numerical simulations.
When agents are somewhat uncertain about the dynamics of the economic system in which they are to play out their roles, they need to engage in some learning process. Among various learning schemes, the properties of least-squares learning processes under homogeneous expectations have been studied extensively (see, for example, Balasko and Royer (1996) , Bray (1983) , Evans and Honkapohja (1999) , Evans and Ramey (1992) , Lucas (1978) and Marcet and Sargent (1989) ). As in Balasko and Royer (1996) (see also Chiarella and He (2000a) , (2001a) on learning dynamics with both homogeneous and heterogeneous beliefs), it is assumed that agents' expectations follow finite least-squares learning processes in the following discussion.
3.1. Homogeneous Expectations. Under homogeneous expectations, it is assumed that all agents hold the same view about the conditional return and variance of the return distribution of the risky asset. In particular it is here assumed that the common view can be expressed mathematically as
where AE ¼ and
with the integer Ä ½.
Assumptions (3.1) and (3.2) indicate that the agents' common view on the conditional return distribution is influenced by the behaviour of returns over the last Ä time periods. Equation ( Chartists are further categorized as trend followers´ ¼µ or contrarians ( ¼).
Existence of Fixed Equilibrium.
Under the homogeneous expectations (3.1) and (3.2), the corresponding stationary model is given by (2.11)-(2.12). Depending on the extrapolation rate , the system can have multiple fixed equilibria. 
6 Assumption (3.1) can be written in a more general form, say, Ø´ Ø·½ µ ´Ö AE Ø µ. In particular, a bounded function in Ø may be a more realistic choice. However, to make the analysis simple, a linear function is assumed here. As a result, an unrealistically low return may drive the price to zero. Thus further analysis on a suitable form of the function seems necessary. 7 A constant risk premium is a simplified assumption. In practice, the risk premium is not necessarily constant and it could also be a function of the variance, for example. When there is no extrapolation, all investors are fundamentalists -believing that the excess conditional mean for the risky asset is given by the risk premium AE. ¼) -believing that the difference of excess conditional mean and the risk premium Ø´ Ø·½ µ Ö AE is positively proportional to the moving returns over the last Ä time periods. In this case, under condition (3.6), the return has two positive fixed equilibria, which can be called the non-fundamental (trend chasing) steady-states. Furthermore, the two non-fundamental (trend chasing) steady-states are above (below) the fundamental steady-state £ Ó when is small (large). Similarly, given the same risk premium, compared to the fundamental equilibrium, a weakly homogeneous trend chasing expectation (i.e. In the following simulations, the time period between each trade is one day, unlike Levy and Levy (1996) In the above simulations, Ä ½ is used. As far as the effect of the lag length on stability is concerned, numerical simulations indicate that an increase in lag length can stabilize the system. The existence and stability of various steady-states in the homogeneous model are summarised in Fig.3 .1, while solid (dotted) lines indicate stability (instability).
To illustrate the inefficiency of the homogeneous expectation, as in Levy and Levy (1996) , the time series over 2500 periods (about 10 years) generated by the homogeneous model with dividend yield noise processes are considered. Table 1 shows the average statistics of the homogeneous model with the noise dividend yield process « Ø « Ó´½ · ÕAE´¼ ½µµ, where AE´¼ ½µ is a normal distribution with mean ¼ and standard derivation ½. Here ¼ ¼ ¼ for the fundamental, contrarian and trend chasing series, respectively and AE ¼ , Õ ¼ ¾. The same noise process applies to three different cases and the average is taken over ten simulations.
The statistics for S&P 500 are based on daily data from Dec.1990 to Dec.2000. In all three cases, with a constant dividend yield « Ó ±, the corresponding fixed equilibrium is stable. With the normally distributed dividend noise process, the three systems generate a certain degree of non-normality. However, compared with the S&P 500, they do not generate high volatility, negative skewness and high kurtosis, as observed in the market. A large extrapolation rate leads to a highly inefficient market with periodic (and therefore predictable) booms and crashes, as observed by Levy and Levy (1996) . This example indicates that the assumption of homogeneous expectations is far too simple to capture the main features of real market data.
A TWO HETEROGENEOUS INVESTORS MODEL
To study the price and wealth dynamics with heterogeneous investors, this section focuses on the simplest possible case where there are only two investors involved. 
where AE ¼ and Denote Û Ø Û ½ Ø Û ¾ Ø so that the wealth proportion of each agent can be expressed in terms of this single quantity according to
It then follows from Proposition 2.1 that the dynamics of´Û Ø Ø µ are jointly determined
The dynamic system (4.5) and (4.6) characterizes an interaction of heterogeneous investors and its dynamic behavior depends on the parameters of the model. Because of the dependence of the Ø on lagged values of returns, this dynamic system is of order Ñ Ü Ä ½ Ä ¾ · ¾ and so may in general exhibit quite complicated dynamic behaviour.
The following discussion is devoted to the study of four simple cases each involving only two agents: fundamentalists versus fundamentalists (with different views on the risk premium), fundamentalists versus trend follower, fundamentalist versus contrarian and two trend traders. One can see from the following discussion, for these heterogeneous models, there exist multiple fixed equilibria´Û £ £ µ, which can be classified into two groups by either Û £ ½ or Û £ ½. The question of which one survives is related to the (local) stability of the equilibrium. The following Lemma 4.1, which holds in the general case of the two heterogeneous investor model, can help to answer this question. 
Proof. See Appendix A.2.5.
£
Under the assumptions (4.1) and (4.2), the system of (4.5) and (4.6) is an Ä · ¾ dimensional system. The fixed equilibrium ´Û £ £ µ of the system (4.5) and (4.6) is LAS iff all its eigenvalues lie inside of the unit circle. It is in general not an easy task to obtain explicit conditions, in terms of the parameters and lags of the system, on the local stability of the fixed equilibrium. However, note that the polynomial in the big brackets in Ä ´ µ has the exact same form as the one for the homogeneous model in (3.7) of Lemma 3.2. Lemma 4.1 connects the (local) stability of the fixed equilibrium of the heterogeneous model to that of the homogeneous model. Lemma 4.1 shows in particular that, among the Ä · ¾ eigenvalues, Ä Ä eigenvalues are zero, one is ¬ and all the rest of the eigenvalues correspond to the eigenvalues of the fixed equilibrium £ of the corresponding homogeneous model where both traders follow the -th homogeneous expectation. So a necessary condition for ´½ £ µ ( ´ ½ £ µ) to be LAS is ¬ ½ ½ ( ¬ ¾ ½). When ¬ ½, the local stability of ´Û £ £ µ of the heterogeneous model is completely determined by the local stability of £ of the corresponding homogeneous model. Following Proposition 4.2 and Corollary 4.3, for a fixed AE ½ , the existence of multiple steady-states and the stability switching property is illustrated in Fig.4 .1, which demonstrates an optimal selection principle in the model of two fundamentalists with different risk premia -the investor with the higher risk premium will be the winner. However, when both investors have the same risk premium, investors are homogeneous in their conditional expectations on mean and variance of the return and, of course, the wealth proportions of both investors will stay at their initial level. other words, the dynamics of the return Ø depend on the relative levels of fixed returns of these two steady-states and follows a similar optimal selection principle:
In the case of AE ½ AE ¾ , that is the fundamentalist has a higher risk premium compared with the contrarian, the return and wealth proportion´ Ø Û Ø µ converge eventually to the fundamental equilibrium. However, when the fundamentalist has a lower risk premium than the contrarian, the dynamics of´ Ø Û Ø µ depends on the extrapolation rate of the contrarian, indicated by the condition (4.12). Note that £ ¾ · is an increasing function for ¾ ¼. The fundamental steady-state is stable for a large range of values of the extrapolation rate (in terms of the absolute value), while the contrarian steady-state is stable for a small range of values of the extrapolation rate. In general, the existence of multiple positive steady-states and their stability (in terms of the return Ø ) can be characterized by Fig. 4 Fig. 4 .3. Table 2 and the stability switching behaviour is indicated in Fig. 4.4(a) . Essentially, the stability follows the optimal selection principle. Table 3 and the stability switching behaviour is demonstrated in Fig. 4.4(b) . Essentially, the stability follows the quasi-optimal selection principle. ¼, ¾ ¦ both exist and the system has three positive nonfundamental steady-states ½ · ¾ ¦ . As in the case of the homogeneous model, ¾ · is always unstable and, for small extrapolation rates (in terms of the absolute value), the local stability switches between ½ · and ¾ . Let
simulations on the stability are summarized in Table 4 . The stability switching behaviour is indicated in Fig. 4 .4(c). It also follows the (quasi-) optimal selection principle. To sum up, for the two trend traders model, there exist multiple fixed steady-states. When both trend traders extrapolate strongly, none of the fixed steady-states are stable. However, when they extrapolate weakly, the stability of the system follows the (quasi-) optimal selection principle -the steady-state having relatively higher return tends to dominate the market in the long run. 4.5. Effect of dividend yield and extrapolation jump processes. . When the dividend yield is constant « Ø « Ó , it is shown that, when investors extrapolate weakly, the return converges to one of the fixed equilibra, which is determined by the constant risk premia and extrapolation rates. When investors extrapolate strongly, the fixed equilibria become unstable and can generate periodic cycles, quasi-periodic orbits and strange attractors for the return series, leading to rich dynamics for the returns and wealth proportions among heterogeneous investors. However, depending on market conditions, the investor could adapt his/her extrapolation strategy from time to time and thus a non-constant extrapolation rate is more realistic. Mathematically, different extrapolation rates correspond to different states, such as steady-state, periodic and aperiodic cycles (generated through various bifurcations), and a change of extrapolation rates from time to time enable the return series to switch among different states, which characterizes the changes of the market environment. Thus, to characterize such changes of the market environment and adjustment of the investors' extrapolation strategies, independent Poisson jump processes on the extrapolation rates are introduced in the following simulations.
It is of interest to see how the characteristic feature of the simple heterogeneous model established in this section are effected by noise processes. Consider a model of contrarian and trend follower with two noise processes, one is the dividend yield process and one is the extrapolation jump process. Assume the dividend yield « Ø « Ó ½ · ÕAE´¼ ½µ and the extrapolation rate 
CONCLUSION AND REMARKS
Following the framework of Brock and Hommes (1998) and Levy and Levy (1996) , the interactions of heterogeneous agents in financial markets (typically fundamentalists, trend chasers and contrarians) have been incorporated in an equilibrium model of asset price and wealth dynamics. The resulting dynamical system for asset price and wealth turns out to be non-stationary. A stationary model is then developed by expressing the state variables of the model in terms of return and wealth proportions (among different types of agents).
It is found that the presence of heterogeneous agents leads the stationary model to have multiple steady-states for asset return and wealth distribution. As far as (local asymptotic) stability is concerned, the extrapolation rates of the chartists play an important role: the return dynamics tend to be unstable for a high extrapolation rate and stable for a low extrapolation rate. The convergence to steady-state follows the optimal selection principle -the return and wealth proportion tend to one of the steady-states which has a relatively higher return. Numerical simulations have been employed to study the effects of the dynamics under noisy processes of dividend yield and extrapolation rates. The model that is finally developed displays the essential characteristics of the standard asset price dynamics model assumed in continuous time finance in that the asset price is fluctuating around a geometrically growing trend.
Our analysis in this paper is based on a simplified model and some extensions are necessary in order to develop a more realistic one. Firstly, the attitudes of investors towards the extrapolation and risk premium change when the market environment changes and this change should be made endogeneouse. Secondly, an extension of the current paper to a model with adaptive beliefs would be more appealing. Hommes (1997b), (1998) introduce Adaptive Belief Systems to study the price dynamics with agents having heterogeneous expectations. A performance measure can be defined by the realized wealth. Based on the performance measure, the fractions of different types at the end of period Ø will be determined by the fitness function and the investors are allowed to change their expectations from one group to another from time to time so that the fractions Ò become functions of time Ø. Consequently, an evolutionary dynamics across predictor choice is coupled to the dynamics of the endogeneous variables. Thirdly, there should be a more extensive simulation study of these richer models once they are developed. In fact a proper Monte-Carlo analysis is required to determine whether the models can generate with a high frequency the statistical characteristics of major indices such as the S&P500. These extensions are interesting problems which are left to future research work. Proof. The wealth proportion equation (2.8) follows directly from (2.6), (2.7) and
Rewrite the market clearing equilibrium equation (2.5) as 
11 For convenience the index is dropped from now on.
where « Ø Ý Ø Ô Ø ½ defines the dividend yield. So, from (A.2.4) and (A.2.1),
Note from (2.8) that Û Ø is a function of Ø . To solve for Ø from (A.2.5) explicitly, one can see
Solving for Ø from (A.2.7) yields equation (2.9) for Ø . Proof. Note that
Similar to the last part of the proof of Proposition 2.1, replacing Ø by Ø ½ in equation (A.2.8) one obtains
From (A.2.10) and (A.2.11)
Also, using (A.2.9),
Substitution of (A.2.13) and (A.2.14) into (A.2.12) and simplification of the corresponding expression leads to equation Proof. It follows from (2.11)-(2.12) and the notations introduced in Proposition 3.1 that the
which has two solutions given by (3.5). Let 
then the equation (2.11) is made equivalent to an Ä · ½ dimensional system:
Let Ü Ó be a steady-state of (2.11). Then, evaluated at the fixed equilibrium,
Ø Ø·½
with and defined in (3.8). Set 
